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Abstract

In this paper we introduce notions and some basic properties of
consistent positive and linear positive quasi-antiorders on semigroups
with apartness.
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1 Introduction and Preliminaries

This investigation, in Bishop’s constructive mathematics in sense of well-known
books [2], [3], [6] and Romano’s papers [9]-[15], is continuation of forthcoming
Crvenkovic, Mitrovic and Romano’s paper [4], and the Romano’s paper [16].
Bishop’s constructive mathematics is developed on Constructive logic (or In-
tuitionistic logic ([19])) - logic without the Law of Excluded Middle P VvV ——P.
Let us note that in Constructive logic the 'Double Negation Law’ P <= ——P
does not hold, but the following implication P = ——=P holds even in Minimal
logic.

A relation g on S is a coequality relation on S if and only if it is consis-
tent, symmetric and cotransitive ([9]). Let (S, =, #, ) be a semigroup with an
apartness. A relation 7 on S is a quasi-antiorder ([9], [13]-[15]) on S if

T C#, T C 7xT,
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where the operation ”*” is filled product of relations (For more information
about the filled product and the notion of cotransitive internal fulfilment of
a relation, the reader can find in any of the following papers [10]-[13].) If 7
is a quasi-antiorder on S compatible with the semigroup operation in .S, then
([14]) the relation ¢ = 7 U7~! is an anticongruence on S. Firstly, the relation
q“ = {(x,y) € S x S : (x,y) < q} is a congruence on S compatible with g,
in the following sense ¢“ o ¢ C ¢ and go¢® C ¢. It is easy to establish the
isomorphism S/(q%, q¢) = S/q between semigroups.

A subset A of a semigroup S is consistent if for a,b € S, ab € A implies
a € ANDbe A Ttis easy to check if A is a consistent subset of S, then
A% is a subsemigroup of S. Opposite assertion, "If T" is a subsemigroup of S,
then T is a consistent subset of S” does not hold in general. A consistent
subsemigroup F of S will be called a filter of S. In that case, the subset F'¢
is a completely prime ideal of S. The opposite assertion ”if J is a completely
prime ideal of S, then J¢ is a filter of S” does not hold in general.

In the Classical Semigroup Theory concept of positive quasi-order has been
introduced by B. M. Schein. After that, positive quasi-orders have been studied
from different points of view by many authors, mainly by T. Tamura [17], [18],
M. S. Putcha [8], and S.Bodganovic and M.Ciric [5]. Quasi-antiorder relation
in semigroup with apartness the first time was defined by this author in his
paper [9]. Further on, the investigation on basic properties of quasi-antiorder
relations on sets and semigroups with apartness is done by the author in his
papers [13]-[15] and in forthcoming paper [16]. Positive quasi-antiorder is
studied by Crvenkovic, Mitrovic and Romano in their forthcoming paper [4].

For undefined notion and notations we referee to books [1], [2], [3], [7], and
[19] and to papers [9]-[15].

In this paper we study a constructive aspect of positive quasi-antiorders

of semigroups with apartness. The notions of consistent positive and linear
positive quasi-antiorders and some basic properties of them are shown.

2 Positive quasi-antiorders
By a quasi-antiorder we mean a consistent cotransitive relation on a set. For
a quasi-antiorder 7 on a semigroup S we say that it is compatible with the

semigroup operation if and only if

(Va,b,z € S)(((ax,bx) € T = (a,b) € T) A ((za,zb) € T = (a,b) € 7)).
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A relation 7 on a semigroup S is called positive ([4]) if and only if
(Va,b € S)((a,ab) >t A (b,ab) 1)),
and it is called lower-potent ([15]) if
(a",a) T,

for any a € S and any n € N. In the paper [15], it is shown that if 7 is a quasi-
antiorder compatible with the semigroup operation, then it is lower-potent if
and only if (a* a) a7, for all a € S.

Theorem 2.0 ([4], Theorem 3.4) The following conditions for a quasi-
antiorder T on a semigroup S are equivalent:
(1) is positive;
(2) (VYa,b € S)(ar Ubr C (ab)T);
(3) (VYa,b € S)(r(ab) C TaNTh);
(4) at is a strongly extensional consistent subset of S such that a > at for
each a € S; and
(5) Tb is a strongly extensional ideal of S such that b><i1b , for each b € S.

In the following we will describe a construction of maximal positive quasi-
antiorder relation on a semigroup S. Let a and b be elements of S. Then ([12],
Theorem 6) the set C(,) = {x € S : 2 >1.SaS} is a consistent subset of S. The
consistent subset C,) is called a principal consistent subset of S generated by
a. We introduce relation f defined by (a,b) € f <= b € C(,). For an element
a of a semigroup S and for n € N we introduce the following notations

Ap(a) ={xS : (a,x) € "f}, Ala) ={z € S:(a,x) € c(f)}

Bu(a)={y €S : (y.a) € "f}, Bla)={y€5: (y.a) € c(f)}.

In the following two lemmas we will present some basic characteristics of these
sets.

Theorem 2.1 ([12], [4]) Let a and b be elements of a semigroup S. Then:
(1) Then the set A(a) = (,cn An(a) is the mazimal strongly extensional con-
sistent subset of S such that a1 A(a).

(2) A(a) U A(b) C A(ab).
(3) Then the set B(a) = (,cy Bn(a) is the maximal strongly extensional ideal
of S such that a > B(a).

(4) B(ab) € B(a) N B(b).
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(5) The relation c(f) is the maximal positive quasi-antiorder relation on semi-
group S.

(6) ([4], Theorem 2.4) A quasi-antiorder T on a semigroup S is positive if and
only if it contained in the mazimal quasi-antiorder relation c(f) on S.

Besides, we will describe maximal lower-potent positive quasi-antiorder re-
lation on a semigroup S. Let S be a semigroup with apartness and let a, b be ar-
bitrary elements of S. As mentioned above in this section, the set C(,) = {z €
S x> SaS} is a consistent subset of S called a principal consistent subset of S
generated by the element a, and cr(C(,)) = {x € C(a) : (Vn € N)(a" € C(y))}
called a coradical of principal consistent subset of S generated by the element
a. We introduce relation s defined by (a,b) € s <= b € cr(C(,), and we will
describe some properties of relation c(s).

For an element a of a semigroup S and for n € N we introduce the following
notations:

D,(a) ={x € S:(a,z) € "s}, D(a) ={zx €S :(a,x)€c(s)}

E.(a)={x € S:(x,a) € "s},E(a) ={z €S :(r,a) € c(s)}

By the following results we will present some basic characteristics of these sets.

Theorem 2.2 ([12]) The relation c(s) satisfies the following properties:
(1) c(s) is a consistent relation on S.
(2) c(s) is a cotransitive relation.
(3) (Vn € N)((a,a™) < c(s)).
(4) Then the set D(a) = (,cn Dn(a) is the mazimal strongly extensional con-
sistent potent semifilter of S such that a < D(a).
(5) D(a) U D(b) C D(ab).
(6) (Vn € N)(D(a) = D(a")).
(7) Then the set E(a) = (,cn En(a) is the mazimal strongly extensional com-
pletely potent semiprime ideal of S such that a > E(a).
(8) E(ab) C E(a) N E(b).
(9) (Vn € N)(E(a") = E(a)).
(10) The relation c(s) is the mazimal positive quasi-antiorder relation on semi-
group S and the following (Va € S)(¥n € N)((a", a) > c(s)) holds.
(11) A positive quasi-antiorder T on a semigroup S is lower-potent positive if
and only if it contained in the maximal lower-potent positive quasi-antiorder
relation c(s) on S.
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Using Tamura’s idea from [18], in paper [15], for given relation ¢ in semi-
group S with apartness we construct the following relation

(a,b) € p(o) <= (Vn € N)((a,b") € o).

A sense of such a method is to build a lower-potent quasi-antiorder from a
given relation o. Namely, the following assertion can be easily proved:

Theorem 2.3 (1) ([15], Theorem 3.1) The mazimal lower-potent quasi-
antiorder on a semigroup S contained in o on S equals cp(o N #).
(2) ([15], Theorem 3.2) The mazimal lower-potent positive quasi-antiorder on
a semigroup S contained in a relation o on S equals cp(o N f).

3 Consistent positive and linear positive quasi-
antiorders

The following proposition gives some equalities about positive quasi-antiorder:

Theorem 3.1 Let 7 is positive quasi-antiorder in semigroup S. Then the
following conditions are equivalent:
(1) (Va,b € S)((ab)T = at U br);
(2) Tb is strongly extensional completely prime ideal of S for every b in S;
(3) (Va,b,c € S)((ab,c) € T = ((a,c) € T V (b,c) € T)).
Proof.
(1) = (2) Let 2y € 7b. Then, b € (zy)7 = x7 U y7. Thus, b € 27 or b € yr.
So, x € Tb or y € Th.
(2) = (1) If x is an arbitrary element of (ab)7, then ab € z and a € 27 V b €
xT because zT is a strongly extensional completely prime ideal of S. Therefore,
the following implication z € (ab)T = x € ar U b7 holds.
(3) = (1) Let (3) holds. Then, for z € (ab)T we have (ab,z) € 7. Thus,
(a,x) € T or (b,x) € 7. Hence, finally, we have z € ar U br.
(1) = (3) Let the formula (1) is valid. Suppose that a, b and c are elements of
S such that (ab,c) € 7. Then, ¢ € (ab)T = aT Ubr. So, we have ¢ € at V ¢ € br
and, finally (a,c) € 7 or (b,c) € 7. O

Corollary 3.1.1 If 7 is a quasi-antiorder relation on semigroup S which
satisfies one of conditions (1), (2) or (3) in the above theorem, then the fol-
lowing tmplication holds:

(4)(Va,b,c € S)((a,c) a1 A (byc) 1T = (ab,c) >xT).
Proof: Let a, b and ¢ be elements of S such that (a,c) > 7 and (b,c) > 7,
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and let (u,v) be an arbitrary element of 7. Then:
(u,v) = (u,ab) € 7 V (ab,c) € T V (c,v) €T
= u#abV (a,c) €TV (byc) ET V c#v

— (ab,c) # (u,v) € 7.0

Remark I: In the Classical semigroup theory, if positive quasi-order o
satisfies the following condition

(Va,b,c € S)((a,c) € 0 A (b,c) € 0 = (ab,c) € 0),

then for o it is called that it satisfies the em-property (common multiple prop-
erty). So, we can define a new kind of positive quasi-antiorder relation: positive
quasi-antiorder with cm-property. But, there is a problem with constructive
definition of the new notion: If we choose the formula (4) as the definition
of new kind of positive quasi-antiorder, then we lose results of the Theorem
3.1. If we choose the formula (3) in the Theorem 3.1 as the definition of new
kind of positive quasi-antiorder, results of Theorem 3.1 are preserved, but this
definition is stronger (more demanding) then in the Classical case. Besides, in
the second case, the notion ”common multiple” is not adequate notion for a
positive quasi-antiorder satisfying the formula (3). It would be better to using
the following notion consistent positive quasi-antiorder, in my opinion.

In the following theorem we give a description of another special quasi-
antiorder relation:

Theorem 3.2 Let 7 be a positive quasi-antiorder in a semigroup S. Then,
the following conditions are equivalent:
(a) (Va,b € S)((ab,a) <1 V (ab,b) > T);
(b) (Va,b € S)(r(ab) = Ta N 7b);
(c)at is a strongly extensional filter of S for every a in S;
(d) (Va,b € S)((a,b) a1 V (b,a) 7).
Proof:
(a) = (b)
reTaNThb<= (r,0) €7 A (2,b) €T
= ((z,ab) € 7 V (ab,a) € ) A ((x,ab) € T V (ab,b) € 7)
= (z,ab) €T
< x € 7(ab).
(b) <= (c)
rear Nyear<ac€Tr Nac€Ty
< acTrNrTy="T(rYy)
<~ Ty € ar.
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(¢) = (a) Let (u,v) be an arbitrary element of 7 and let a, b, ¢ be arbitrary
elements of S. Then, ((u,ab) € 7 V (ab,a) € 7 V (a,v) € 7) and ((u, ab) €
7V (ab,b) € T V (b,v) € T), and thus,

(u,v) # (ab,a) V (u,v) # (ab,b) V (ab € Ta N 7b = 7(ab)).
So, we have (ab,a) > 7 or (ab,b) > 7 , since ab < 7(ab).
(a) <= (d) Out of (d) immediately follows (a). Let (d) holds for elements a,

b of semigroup S and let (u,v) be an arbitray element of 7. Particularly, we
have (a?,a) > 7 and (a, a?) > 7. Thus,

((u,ab) € 7 V (ab,aa) € T V (aa,a) € 7 V (a,v) € T)and
((u,ab) € 7 V (ab,bb) € 7 V (bb,b) € T V (b,v) € T).
Hence,
(u#ab Vv (b,a) e ,Va#v) A (u#abV (a,b) €TV b#0).
So, we have (ab,a) # (u,v) or (ab,b) # (u,v) .0
Remark II: In the Classical semigroup theory, for quasi-order o we say

that it is linear if and only the following formula holds:

(Va,b € S)((a,b) € o V (b,a) € 0).

So, we have the possibility for establish a new kind of positive quasi-antiorder
relation on semigroup with apartness: For quasi-antiorder relation 7 on semi-
group S we say that it is a linear if and only the following formula

(Va,b € S)((a,b) <7 V (bya) >7)

holds. Therefore, for linear positive quasi-antiorder on semigroup S we have
equivalent descriptions (a), (b) and (c).

References

[1]  G. Birkhoff: Lattice theory, Coll. Publ. Vol. 25 (3rd. edition, 3rd printing),
American Mathematical Society, Providence, RI, 1979

[2] E. Bishop: Foundations of Constructive Analysis; McGraw-Hill, New
York 1967.



890

[14]

[15]

D. A. Romano

D. S. Bridges and F. Richman, Varieties of Constructive Mathematics,
London Mathematical Society Lecture Notes 97, Cambridge University
Press, Cambridge, 1987

S. Crvenkovic, M. Mitrovic and D.A. Romano: On Positive Quasi-
antiorder in Semigroup with Apartness; 1-17 pp. (To appear)

M.Ciric and S.Bogdanovic: The Lattice of Positive Quasi-orders on a
Semigroup, Israel J. Math. 98(1997), 157-166

R. Mines, F. Richman and W. Ruitenburg: A Course of Constructive
Algebra, Springer, New York 1988

M. Petrich: Introduction to semigroups, Merill,Ohio, 1973

M. S. Putcha: Positive Quasi-orders on Semigroups, Duke Mathematical
Journal 40 (1973), 857-869

D.A. Romano: Coequality Relations, A Surwey; Bull.Soc.Math. Banja
Luka, 3(1996), 1-36

D.A. Romano: On Construction of Maximal Coequality Relation and its
Applications; In : Proceedings of 8th international conference on Logic
and Computers Sciences "LIRA 977, Novi Sad, September 1-4, 1997,
(Editors: R. Tosic and Z. Budimac), Institute of Mathematics, Novi Sad
1997, 225-230

D.A. Romano: A Left Compatible Coequality Relation on Semigroup with
Apartness; Novi Sad J. Math, 29(2)(1999), 221-234

D.A. Romano: Some Relations and Subsets of Semigroup with Apartness
Generated by the Principal Consistent Subset; Univ. Beograd, Publ. Elek-
troteh. Fak. Ser. Math, 13(2002), 7-25

D.A. Romano: Construction of Classes of the Quasi-antiorder Relation
Generated by Principal Consistent Subsets on Semigroup with Apartness;
In: Proceedings of 16th Conference on Applied mathematics; Budva,
Monte Negro, May 31 - June 04, 2004. (Editors: N.Krejic and Z.Luzanin);
Department of Mathematics, University of Novi Sad, Novi Sad 2006, 129-
135

D.A. Romano: A Note on Quasi-antiorder in Semigroup; Novi Sad J.
Math., 37(1)(2007), 3-8

D.A. Romano: A Construction of Positive Lower-potent Quasi-antiorder
in Semigroup with Apartness; Inter. Math. Forum, 2(66)(2007), 3293-3301



Positive quasi-antiorders 891

[16] D.A. Romano: Quasi-antiorder on Semigroup Generated by Coradical
of Principal Consistent Subsets; 1-9, pp. (Submitet in a journal on
01.02.2007)

[17) T. Tamura: Semilattice Congruencies Viewed from Quasi-orders, Proc.
Amer. Math. Soc. 41(1973), 75-79

[18] T. Tamura: Quasi-orders,Generalized Archimedeaness, semilattice decom-
positions, Math. Nachr. 68(1975), 201-220

[19] A.S. Troelstra and D. van Dalen: Constructivism in Mathematics, An
Introduction; North-Holland, Amsterdam 1988

Received: October 26, 2007



